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An explicit spatial localization of a hole is shown in a two-leg t-J ladder in the presence of
a staggered chemical potential, which still retains a translational symmetry, by density matrix
renormalization group method. Delocalization can be recovered in the following cases, where either
the hidden phase string effect is turned off or a finite next-nearest-neighbor hopping t′ is added to
sufficiently weaken the phase string effect. In addition, two holes are always delocalized by forming
a mobile bound pair, in contrast to the localized single holes, which points to a novel pairing
mechanism as one of the essential properties of a doped Mott insulator.
Introduction.—Anderson localization [1–3] is a quan-
tum interference phenomenon of a mobile particle losing
transport beyond a finite spatial distance as caused by
random scatterings of impurities. Such a non-ergodic
phenomenon has been recently conjectured to persist
in some interacting systems at finite energy density
known as many-body localization (MBL) [4, 5]. Here
the quenched disorder is an essential requirement for
both cases. One may also ask whether the localization
feature can exist in an interacting system with transla-
tional symmetry, i.e., without a quenched disorder. The
early indication was previously discussed in the He solid
[6, 7]. Then a concept called quantum disentangled liq-
uid (QDL) [8] is proposed to describe a possible local-
ization behavior in a system composed of two distinct
species with large mass ratio. The light species can feel
an effective random potential coming from the dynami-
cal massive species on account of interaction, which may
then induce the localization of the light species [8–12].
However, such a localization may not be stable and still
show ergodicity at an exponentially long time dubbed as
quasi-MBL [10, 12]. Other attempts to realize MBL with-
out disorder include systems with a nonlocal interaction
[13] or with an extensive set of local conserved quantities
[14].
On the other hand, the spatial self-localization of
charges in the ground state has recently been found
[15] by density matrix renormalization group (DMRG)
method [16, 17] in a Hubbard (and t-J) two-leg ladder
with very large ratio of U/t, where two or more holes
can be self-trapped to form a charge droplet [15]. Here
the corresponding superexchange coupling J = 4t2/U for
the spins is much smaller than the hopping t of the holes
(t/J > 30), resembling a two-species system of distinct
masses. With a relatively much reduced (still large) ratio
of U/t or t/J (∼ 3), it has been also shown that a single
doped hole can exhibit another kind of “self-localization”
[18–21] by losing its charge to form a neutral “spinon”,
although its spatial profile may still remain extended in
finite-size DMRG calculations [18, 22]. By contrast, turn-
ing off the phase string effect [23, 24] hidden in the doped
Mott insulator, both types of localization disappear in
these two cases to recover a coherent Landau quasiparti-
cle behavior [15, 18, 20, 21].
In this paper, we report that a single hole can truly be-
come spatially localized if the t-J two-leg ladder is added
by a staggered chemical potential without breaking the
translational symmetry (although the unit cell is doubled
along the ladder). Such a localized hole can be delocal-
ized by turning off the phase string in the so-called σ · t-
J model with the same staggered chemical potential. A
transition to delocalization also occurs in the t-t′-J model
(with the staggered chemical potential) when the next-
nearest-neighbor hopping t′ added is sufficiently large to
diminish the phase string effect. Furthermore, two holes
are found to form a tight-bound pair and also become
delocalized at t/J = 3, which is in contrast to forming
the localized droplet at t/J > 30 [15]. It indicates that
the pairing force in such a doped Mott insulator is es-
sentially of the same origin as the one responsible for the
localization of the single hole.
The models.—The Hamiltonian is composed of three
terms: H = Ht + HJ + Hµ, where the hopping term
Ht = −t
∑
〈ij〉σ c
†
iσcjσ +h.c. and the superexchange term
HJ = J
∑
〈ij〉(Si · Sj −
1
4
ninj) are the same as the t-
J model, where ciσ is the annihilation operator of the
electron, Si is the spin operator, and ni is the local elec-
tron density operator which is always subjected to the
no-double-occupancy condition, i.e., ni ≤ 1. The model
is defined in a two-leg ladder of square lattice with total
number of sites N ≡ Nx × Ny (with Ny = 2) [20], and
is further in the presence of a chemical potential term
Hµ =
∑
i µini, with µi = µa or µb alternating for the
odd and even rungs along the one-dimensional chain di-
rection. In the following, we shall mainly fix µa = t and
µb = 0 in the most calculations, but a continuous varia-
tion of µa will be also discussed.
As a comparative study, we also modify the above
t-J like model into the so-called σ · t-J like model,
in which only the hopping term is changed from Ht
to Hσ·t = −t
∑
〈ij〉σ σc
†
iσcjσ + h.c. by inserting a sign
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FIG. 1. (Color online) The spatial distribution of the hole
density defined on the rung labelled by x in a two-leg ladder
of N = Nx × 2 with Nx = 500 under an open boundary
condition. Main panel: a hole is spatially localized in the
central area in a t-J model with staggered chemical potentials
of µa = t and µb = 0, whereas it is always delocalized in
the σ · t-J model with the same chemical potentials. Inset:
the delocalized density profiles for two doped holes in both
models.
σ = ±1, which can be proven [18, 20] to precisely com-
pensate the phase string sign structure hidden in the
original t-J model even in the presence of Hµ. The
phase string effect is caused by the nearest-neighbor hop-
ping of the hole, but will get “scrambled” by introducing
a sufficiently large next-nearest-neighbor hopping term,
Ht′ = −t′
∑
〈〈ij〉〉σ c
†
iσcjσ + h.c., in the t-t
′-J model [25].
In the following DMRG calculation, we fix t/J = 3 as
the same in [18, 20, 26] and focus on the µa = t and µb =
0 to study the ground states of the one hole and two hole
doped cases. At µa = µb = 0, we recover the isotropic
2-leg t-J ladder results [18, 20, 26]. In the simulation,
we choose an open boundary condition (OBC) along the
chain direction and keep 300 to 500 states to control the
truncation error up to the order of 10−11 for one hole
doped case and 10−10 for the two hole case with 200 to
3000 sweeps.
Hole density distribution.—Define the hole density per
rung by summing up two sites of each rung labelled by
x:
nhx ≡
∑
i∈x
(1− ni) . (1)
Its distribution is presented in the main panel of Fig. 1
for the single-hole ground states of the t-J (red dots) and
σ·t-J (blue dots) ladders in the presence of an alternating
chemical potential, µa = t and µb = 0, as a function of x
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FIG. 2. (Color online) The spatial localization of the hole as
measured by IPR in the staggered t-J model (red full cycles).
By contrast, the linear N -dependences of the IPR for the
stagger σ · t-J model (open circles) as well as the t-t′-J model
at t′/t = 0.3 (full triangles) indicate the delocalization of the
single hole. Inset: IPR ∝ N for the delocalized two-hole cases.
along the one-dimensional chain direction.
The most striking feature illustrated in Fig. 1 is that
the single hole is clearly localized in the central area of
the ladder in the staggered t-J model (red dots). Here an
exponential fall off by six orders of magnitude in the hole
density away from the central region merely spanned by
about 150 rungs is shown. This is in sharp contrast to
the delocalization profile of the single hole in the σ · t-J
model, which only differs from the t-J model by a sign σ
in the hopping term, with the same superexchange term
and staggered chemical potentials.
Furthermore, the density distributions of two doped
holes are presented in the inset of Fig. 1, where the
charge density profiles become delocalized in both mod-
els. This is in sharp contrast to the single-hole case of
the staggered t-J model, where the hole is well localized
spatially in the main panel. It implies that two holes
must form a new object to become mobile, which is to
be further examined below.
Inverse participation ratio for the one hole case.—A
useful quantity to measure the localization in the single
particle theory is the inverse participation ratio (IPR)
defined by
IPR =
1∑
i p
2
i
, (2)
where pi is the probability that the single particle is lo-
cated at site i satisfying
∑
i pi = 1. To generalize this
concept to a many-body system with one doped hole, we
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FIG. 3. (Color online) The single-hole equal-time propagator
in the one-hole ground state, which decays exponentially at
large distance for the staggered t-J model (red full circles) as
opposed to an extended motion in the staggered σ · t-J model
(blue open circles). Here Nx = 500.
may define pi as the probability that the hole is at site
i by tracing out the spin background. The single hole
ground state can be expressed as
|ΨG〉 =
∑
i,{σ}i
Ci,{σ}i |i, {σ}i〉 , (3)
where |i, {σ}i〉 denotes the Ising basis {σ}i with one hole
at site i. Then pi ≡
∑
{σ}i |Ci,{σ}i |2 = 1− ni .
If the hole is localized at one site with pi = 1, one
finds IPR = 1 according to Eq. (2). In the opposite limit
that the hole is uniformly distributed over N sites of the
lattice in a delocalized state, nhi = 1/N or IPR = N ,
which is linearly scaling with N . The IPR versus N in
the present staggered t-J and staggered σ · t-J ladders
are shown in the main panel of Fig. 2. For the staggered
t-J model, initially IPR increases linearly with smaller N
but then quickly saturates to a constant as N = Nx × 2
becomes larger than 400 (red dots). Such a scaling behav-
ior is consistent with the localization picture previously
found in Fig. 1. On the other hand, IPR remains lin-
early proportional to N for the σ · t-J model (blue open
circles), also consistent with the delocalization behavior
in Fig. 1.
Furthermore, later we shall discuss a localization-
delocalization transition by adding a next-nearest-
neighbor hopping t′ at a critical point t′/t = t′c/t ∼ 0.15,
and in Fig. 2 the corresponding IPR clearly exhibits
a linear N or delocalized behavior (black triangles) at
t′/t = 0.3 > t′c/t.
In the inset of Fig. 2, the IPRs for the two hole cases
of the staggered t-J (red full circles) and staggered σ · t-J
(blue open circles) models indicate linear-N scaling be-
haviors, which support the delocalization picture of two
holes in both cases. Here the probability for finding a
hole at site i, pi ≡ (1 − ni)/2, is defined for a two hole
case.
Equal-time one-hole propagator.—The equal-time hole
propagation in the single-hole ground state |ΨG〉 is de-
fined as
Gσ(i, j) ≡ 〈ΨG|c†iσcjσ|ΨG〉 . (4)
Note that this is not a conventional equal-time Green’s
function in which |ΨG〉 is taken as the half-filling ground
state. The quantity defined in Eq. (4) tracks the motion
of the hole in its true ground state. Define the distance
between site i and j on the same chain of the leg by
r ≡ |i − j|, with the reference point j = j0 fixed at the
central site, the calculated quantity is shown in Fig. 3.
G↑(j0, j0 + r) indicates an exponential decay at large
r in the staggered t-J model (red full circles), but it re-
mains finite in the staggered σ · t-J system (blue open
circles). It is consistent with the previous results indi-
cating that the hole is localized in the former as opposed
to its delocalization behavior in the latter.
Localization-delocalization transitions.—So far we have
established by the DMRG calculation that a single hole
doped into a two-leg quantum spin ladder will be spa-
tially localized in the t-J model in the presence of a stag-
gered chemical potential, µa = t and µb = 0, along the
chain (x) direction of the ladder. Note that the latter has
doubled the unit cell along the x-direction but does not
truly break the translational symmetry. By contrast, by
turning off the phase string effect with inserting a sign
factor σ = ±1 into the hopping term of the staggered t-J
model, one obtains the so-called staggered σ · t-J model,
in which the localization of the hole is immediately re-
moved to result in a delocalized single hole ground state.
Instead of inserting a sign factor to switch off the phase
string in the t-J model, one may add the next-nearest-
neighbor hopping t′ to the model, which can also sup-
press the phase string effect. It is expected that when
the ratio |t′/t| is large enough, the phase string gets suf-
ficiently reduced to restore the delocalization in such a
translationally invariant system. Indeed in Fig. 4(a),
a “second-order-like” phase transition as clearly indi-
cated by a discontinuity in the first-order derivative and a
divergent-like sharp peak in the second-order derivative
of the ground state energy versus t′ at a critical point
t′c/t ∼ 0.15 (we focus on t′/t > 0 side). Correspondingly
the delocalization as IPR ∝ N is indeed shown in the
main panel of Fig. 2 at t′/t = 0.3 > t′c/t (black trian-
gles).
On the other hand, if we focus on the staggered t-J
ladder and continuously reduce µa from µa = t to the
uniform limit: µa = µb = 0, there is no phase transition
as shown in Fig. 4(b), with the continuous and smooth
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FIG. 4. (Color online) (a) The first-order derivative (open
symbols) and the second-order derivative (full symbold) of the
ground state energy over the next-nearest-neighbor hopping
t′ shows a “phase transition” at t′/t ∼ 0.15 in the staggered t-
t′-J model; (b) The first-order derivative (open symbols) and
the second-order derivative (full symbols) of the ground state
energy over µa imply an adiabatic continuity in the one-hole
state of the staggered t-J model.
behavior in the first and second order derivatives of the
ground state energy versus µa. It implies that at least in
finite-size systems withN ∼ 40×2, which are much larger
than the internal size [20] of the doped hole, the single
hole state in the uniform t-J ladder with µa = µb = 0 is in
the same phase as that of the staggered t-J ladder. Note
that in the uniform t-J ladder, although the single hole
density profile has been previously shown to be extended
in finite-size calculations[18, 22], the charge response to
a magnetic flux inserting into the ring formed by the lad-
der has been indeed shown to vanish exponentially with
the circumference of the ring or the ladder length Nx
[18, 20]. Furthermore, the ground state is shown [21]
to have an intrinsic translational symmetry breaking as
composed of two components, with a Bloch-like standing
wave superposed on top of an incoherent component in-
duced by the randomness of the phase string. Thus, the
strong staggered chemical potential in the present case
may significantly enhance the scattering between the two
components to result in a true spatial self-localization.
Pairing mechanism.—In contrast to the localization of
a single hole in the staggered t-J model, two holes have
exhibited delocalization behavior in the density profile
and IPR scaling, as shown in the insets of Figs. 1 and
2, respectively. In the following, we show that such two
doped holes are actually paired up to become a mobile
object freely moving on a gapped spin background just
like the case at µa = µb = 0 [26].
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FIG. 5. (Color online) The binding energy Eb for two holes,
which saturates to a negative value ∼ 0.12J in the staggered
t-J case, but approaches zero in the staggered σ · t-J case.
Define the binding energy of two injected holes by [26]
Eb ≡
(
E2h0 − E0h0
)− 2 (E1h0 − E0h0 ) , (5)
where E0h0 is the ground state energy of the undoped spin
ladder at half-filling, E1h0 is the ground state energy of
the one hole doped system and E2h0 is the ground state
energy of the two hole doped system. If Eb < 0, two
doped holes will form a bound pair to lower the total
energy.
The binding energies for the staggered t-J (full red cir-
cles) and staggered σ · t-J (open blue circles) models as a
function of the length Nx of the two-leg ladder are shown
in Fig. 5, respectively. One sees a negative Eb in the stag-
gered t-J case, clearly indicating that the two holes are
paired up with Eb ∼ −0.12J at large Nx. In contrast,
the positive binding energy Eb is shown in the staggered
σ · t-J model at finite Nx, which is expected to be ex-
trapolated to 0 as Nx → ∞. Namely, despite that two
holes are always delocalized in both models (cf. the in-
sets of Figs. 1 and 2), they must form a bound pair in the
staggered t-J model in order to overcome the tendency
of localization for the individual holes in this model. It
therefore points to a novel pairing mechanism of kinetic-
energy-driven [26], which is however not present in the
staggered σ · t-J model even though the superexchange
term HJ remains the same.
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